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MINIMAL MODULAR EXTENSIONS FOR
SUPER-TANNAKIAN CATEGORIES
CE´SAR F. VENEGAS-RAMI´REZ
Abstract. In this paper, we continue with the ideas presented in
[GVR17]. In this opportunity, we apply the fermionic action concept
to classify in cohomology terms the minimal modular extensions of a
super-Tannakian category. For this goal, we study some properties of
equivariantization and de-equivariantization processes and cohomology
data for the fermionic case.
1. Introduction
Given a braided fusion category B, the construction of modular categories
from B is studied in [M0¨0] and [Bru00a] modifying the structure of B.
However, it is wished to find modular categories from B without modifying
it. In other words, it is wanted to find a modular category M with a copy
of B. In particular, modular categories with a copy of B satisfying some
minimality condition are called minimal modular extensions in [Mu¨g03].
Find the minimal modular extensions of a braided fusion category is an
open problem proposed by Muger in [Mu¨g03].
The problem of finding the minimal modular extensions for symmetric
fusion category was addressed in [LKW16a] . For a symmetric fusion
category, its set of minimal modular extensions has a structure of abelian
group. Moreover, for the category of representations of a finite group, called
Tannakian category, was presented a complete description of all minimal
modular extensions. A description of a category of representations of a
super-group, called super-Tannakian categories, is left as an open problem.
In [GVR17], it is studied the connection between the concept of fermionic
action of a super-group and minimal modular extensions for a super-
Tannakian category. Here, it is proposed the obstruction to the existence of
minimal modular extensions for a braided fusion category. Moreover, it is
proved that the homomorphism
D :Mext(Rep(G˜, z))→Mext(SVec)
defined in Equation (7) is surjective if and only if G˜ = G× Z/2Z.
In this paper, it is studied braided crossed fusion categories whose action
is a fermionic action as well as 2-homomorphism induced of these, according
to [ENO10, Theorem 7.12]. As a result, it is obtained a fermionic version of
[ENO10, Theorem 7.12] in Theorem 6.14.
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It is established a correspondence between minimal modular extensions of
a super-Tannakian category and braided crossed extensions with fermionic
actions. This correspondence allows us to mean the minimal modular
extensions as 2-homomorphisms of 2-groups; therefore, it is possible to
present a description in cohomology terms. This idea is developed in
Proposition 7.10, Corollary 7.11, Theorem 7.12, and Corollary 7.14.
Finally, some examples are presented in Theorem 7.15 and Example 7.17
where the results obtained here are applied .
I thank Cesar Galindo at Universidad de los Andes for time, advice, and
guidance in the development of this project1.
2. Mathematical background
2.1. Fusion categories. By a fusion category, we mean a rigid monoidal
category, C-linear, semisimple, with finite-dimensional Hom-spaces, and a
finite number of isomorphism classes of simple objects that include the unit
object. We denote by Irr(C), the set of isomorphism classes of simple objects
in a fusion category C.
If K0(C) denotes the Grothendieck ring, there exists a unique ring
homomorphism FPdim : K0(C) → R such that FPdim(X) > 0 for any
X ∈ Irr(C), see [EGNO15, Proposition 3.3.6]. The Frobenius-Perron
dimension of a fusion category C is defined as
FPdim(C) =
∑
X∈Irr(C)
FPdim(X)2.
Example 2.1. Consider a finite group G and ω ∈ Z3(G,C×) a 3-cocycle
with coefficients in C×. VecωG is the fusion category of finite dimensional
G-graded vector spaces, the tensor product ⊗ is the tensor product of G-
graded vectors spaces, the associativity constraint is given by aδg ,δh,δk =
ω(g, h, k)idδghk , and the unit constraints are given by lδg = ω(e, e, g)
−1idδg
and rδg = ω(g, e, e)idδg .
Given a fusion category C, the set of isomorphism classes of invertible
objects is denoted by Inv(C), see [EGNO15].
2.2. Braided fusion categories. A fusion category B is called a braided
fusion category if it is endowed with a family of natural isomorphisms
cX,Y : X ⊗ Y → Y ⊗X, X, Y ∈ C,
satisfying the hexagon axioms, see [JS93].
If B is a braided fusion category with braiding c, the reverse braided fusion
category is defined as follows: Brev is equal to B as fusion category, but the
braiding is given by crevX,Y := c
−1
Y,X for X,Y ∈ B.
1This project is supported by Faculty of Science of Universidad de los Andes,
Convocatoria 2018-2019 para la financiacio´n de proyectos de investigacio´n y presentacio´n
de resultados en eventos aca´demicos categor´ıa: estudiantes de doctorado candidatos.
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Next, we present a way to construct braided fusion categories from group
cohomology data. For this, we give the abelian cohomology concept.
Let A be a finite abelian group, an abelian 3-cocycle is pair (ω, c) such
that ω ∈ Z3(A,C×) and c : A×A→ C× satisfying the following equations:
c(g, hk)
c(g, h)c(g, k)
=
ω(g, h, k)ω(h, k, g)
ω(h, g, k)
c(gh, k)
c(g, k)c(h, k)
=
ω(g, k, h)
ω(g, h, k)ω(k, g, h)
, for all g, h, k ∈ A.(1)
We denote by Z3ab(A,C
×) the abelian group of all abelian 3-cocycles (ω, c),
see [EML53, EML54],.
An abelian 3-cocycle (ω, c) ∈ Z3ab(A,C×) is called an abelian 3-coboundary
if there is α : A×2 → C×, such that
ω(g, h, k) =
α(g, h)α(gh, k)
α(g, hk)α(h, k)
,
c(g, h) =
α(g, h)
α(h, g)
,
for all g, h, k ∈ A.
B3ab(A,C
×) denotes the subgroup of Z3ab(A,C
×) of abelian 3-coboundaries.
The quotient groupH3ab(A,C
×) := Z3ab(A,C
×)/B3ab(A,C
×) is called the third
group of abelian cohomology of A.
Definition 2.2. Given (ω, c) ∈ Z3ab(A,C×), we define the braided fusion
category Vec
(ω,c)
A as follows.
Vec
(ω,c)
A = Vec
ω
A as fusion category.
The braiding of Vec
(ω,c)
A is defined by the map c, and it will be denoted by
the same letter.
c(δg, δh) = c(g, h)idδgh , for each g, h ∈ A.
The hexagon axioms are equivalent to (1).
If (ω, c) ∈ Z3ab(A,C×), the map
q : A→ C×, q(l) := c(l, l), l ∈ A,
is a quadratic form on A; that is, q(l−1) = q(l) for all l ∈ A and the
symmetric map
bq(k, l) := q(kl)q(k)
−1q(l)−1, k, l ∈ A,
is a bicharacter.
Definition 2.3. A pointed (braided) fusion C is a (braided) fusion category
where any simple object is invertible. The set of isormorphism classes of
simple objects A := Inv(C) is a (abelian) group with product induced by the
tensor product.
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It is known that a (braided) fusion category C is (braided) equivalent to
Vec
(ω,c)
A for some finite (abelian) group A and (abelian) 3-cocycle.
The Muger center of B is the fusion subcategory
Z2(B) := {Y ∈ B : cY,X ◦ cX,Y = idX⊗Y , for all X ∈ B}.
A braided fusion category B is called symmetric if Z2(B) = B, i.e., if
cY,X ◦ cX,Y = idX⊗Y for each pair of objects X,Y in B.
It is well known that symmetry fusion categories are equivalent to one of
the following two examples:
(a) Tannakian categories. The category Rep(G) of finite dimensional
complex representation of a finite group G, with standard braiding
cX,Y (x⊗ y) := y ⊗ x for x ∈ X and y ∈ Y .
(b) Super-Tannakian categories. A finite super-group is a pair (G˜, z) where
G˜ is a finite group and z is a central element of order two. An irreducible
representation of G˜ has one degree if z acts as −id, and has zero degree
if z acts as id. We denote the degree of a simple object X ∈ Rep(G˜)
by |X| ∈ {0, 1}.
We define the braiding c′ of two simple object X, Y by
c′X,Y (x⊗ y) = (−1)|X||Y |y ⊗ x.
The category Rep(G˜) with the braiding c′ is called a super-Tannakian
category, and it will be denoted by Rep(G˜, z).
The super-Tannakian category Rep(Z/2Z, [1]) is called the category of
super-vector spaces and it will be denoted by SVec.
Deligne establishes that every symmetry fusion category is braided
equivalent to Rep(G) or Rep(G˜, z) for a unique finite group G or super-
group (G˜, z), see [Del02].
A braided fusion category (B, c) is called non-degenerate if Z2(B) ∼=
Vec. A modular category means a non-degenerate spherical braided fusion
categories. Non-degenerancy in this case is equivalente to the invertibility
of the S-matrix, see [DGNO10].
Example 2.4 (Pointed braided fusion categories of dimension four). Non-
degenerate braided pointed fusion categories of dimension four were classified
in [DGNO10, Appendix A.3], in terms of the associated metric group. Next,
we present the braided structure of such categories as categories of finite
dimensional A-graded vectors spaces Vec
(ω,c)
A . We present abelian 3-cocycles
associated to the metric groups. For this, we will identify the group of all
roots of unity in C with Q/Z. The description that we show below will be
of great importance later.
(a) If A has a presentation given by A := {0, v, f, v + f : 2f = 0, 2v = 0}
and k ∈ Q/Z such that 4k = 0.
We define (ωk, ck) ∈ Z3ab(A,Q/Z) as follows: if x = xvv + xff ,
y = yvv + yff , and z = zvv + zff then
4
ωk(x, y, z) =
{
0 if yv + zv < 2
2kxv if yv + zv ≥ 2,
ck(x, y) =
1
2
(xv + xf )yf + kxvyv
The case k = 0 corresponds to the Drinfeld center of VecZ/2Z also
called the Toric Code MTC. The case k = 12 corresponds to (D4, 1),
also called three fermions MTC. The case k = ±14 corresponds to two
copies of Semion MTC.
(b) If A has a presentation given by A := {0, v, f, v + f : 2f = 0, 2v = f}
and k ∈ Q/Z such that 4k = 12 .
We define (ωk, ck) ∈ Z3ab(A,Q/Z) as follows: if x = xvv, y = yvv,
and z = zvv then
ωk(x, y, z) =
{
0 if yv + zv < 4
1
2 if yv + zv ≥ 4
,
ck(x, y) = kxvyv.
In all cases above, the quadratic form q : A→ Q/Z is given by
q(f) =
1
2
, q(v) = q(v + f) = k, q(0) = 0,
and the number k = q(v) ∈ { s8 : 0 ≤ s < 8} is a complete invariant. See
[RSW09] for more details about the classification of modular categories of
dimension four.
2.3. Drinfeld center of a fusion category. An important class of non-
degenerate fusion categories arises using the Drinfeld center Z(C) of a fusion
category (C, a,1), see [DGNO10, Corolary 3.9]. The center construction
produces a non-degenerate braided fusion category Z(C) from any fusion
category C. Objects of Z(C) are pairs (Z, σ−,Z), where Z ∈ C and
σ−,Z : −⊗ Z → Z ⊗− is a natural isomorphism such that the diagram
Z ⊗ (X ⊗ Y ) aZ,X,Y // (Z ⊗X)⊗ Y
(X ⊗ Y )⊗ Z
σX⊗Y,Z
66♥♥♥♥♥♥♥♥♥♥♥♥
aX,Y,Z
((PP
PP
PP
PP
PP
PP
(X ⊗ Z)⊗ Y
σX,Z⊗idY
hhPPPPPPPPPPPP
X ⊗ (Y ⊗ Z)
idX ⊗σY,Z
// X ⊗ (Z ⊗ Y )
a
−1
X,Z,Y
66♥♥♥♥♥♥♥♥♥♥♥♥
commutes for all X,Y,Z ∈ C. The braided tensor structure is the following:
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• the tensor product is (Y, σ−,Y )⊗ (Z, σ−,Z) = (Y ⊗Z, σ−,Y⊗Z) where
σX,Y⊗Z := aY,Z,X(idY ⊗ σX,Z)a−1Y,X,Z(σX,Y ⊗ idZ)aX,Y,Z for X ∈ C.
• the braiding is the isomorphism σX,Y .
We have that
FPdim(Z(C)) = FPdim(C)2
for any fusion category C , see [EGNO15, Proposition 9.3.4]. Morevoer, for
a braided fusion category B, there is braided embedding functor
B → Z(B), X 7→ (X, c−X).
2.4. Group actions on fusion categories. Let C be a fusion category,
Aut⊗(C) denotes the monoidal category where objects are tensor
autoequivalences of C, arrows are monoidal natural isomorphisms, the tensor
product is the composition of functors, and unit object IdC . Similarly,
we define the monoidal category Autbr⊗ (B) of braided autoequivalences of
a braided fusion category B.
An action of a finite group G on a fusion category C is a monoidal
functor ∗ : G → Aut⊗(C) where G denotes the discrete monoidal category
with objects indexed by elements of G and tensor product given by the
multiplication of G.
An action ∗ : G→ Aut⊗(C) of G over C has the following data:
• tensor functors g∗ : C → C, for each g ∈ G,
• natural tensor isomorphisms φ(g, h) : (gh)∗ → g∗◦h∗, for all g, h ∈ G,
and
• a monoidal natural isomorphism ν : e∗ → IdC ,
which satisfy some conditions of coherence, see [Tam01, Section 2].
An action of a finite group G on a braided fusion category B is defined
similarly. In this case the monoidal functor ∗ : G→ Autbr⊗ (B) is defined over
Autbr⊗ (B) and the data satisfy the same coherence conditions.
An action on a (braided) fusion category as the one described here is also
called a bosonic action.
Example 2.5 ([Tam01, Section 7]). Let G and A be finite groups. Given
ω ∈ Z3(A,C×), an action of G on VecωA is determined by a homomorphism
∗ : G→ Aut(A) and normalized maps
µ : G×A×A→ C×
γ : G×G×A→ C×
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such that
ω(a, b, c)
ω(g∗(a), g∗(b), g∗(c))
=
µ(g; b, c)µ(g; a, bc)
µ(g; ab, c)µ(g; a, b)
,
µ(g;h∗(a), h∗(b))µ(h; a, b)
µ(gh; a, b)
=
γ(g, h; ab)
γ(g, h; a)γ(g, h; b)
,
γ(gh, k; a)γ(g, h; k∗(a)) = γ(h, k; a)γ(g, hk; a),
for all a, b, c ∈ A, and g, h, k ∈ G.
The action is defined as follows: for each g ∈ G, the associated monoidal
functor g∗ is given by g∗(δa) := δg∗(a), constraint ψ(g)a,b = µ(g; a, b)idδg∗(ab)
and the tensor natural isomorphism is
φ(g, h)δa = γ(g, h; a)idδ(gh)∗(a) ,
for each pair g, h ∈ G, a ∈ A.
We present a bosonic action of the cyclic group of order 2 on the categories
Vec
(ω,c)
A presented in Example 2.4 where A is an abelian group of order 4,
and (ω, c) ∈ Z3ab(A,C×).
Given that Hn(G,C×) ∼= Hn(G,Q/Z), we use normalized maps µ and γ
with coefficients in Q/Z.
Example 2.6. Let A be an abelian group of order 4, let Vec
(ωk,ck)
A be the
categories presented in Example 2.4, and let C2 = 〈u〉 be the cyclic group
of order 2 generated by u. Then, the following data defines an action of C2
over Vec
(ωk,ck)
A .
(a) If A has a presentation given by A := {0, v, f, v + f : 2f = 0, 2v = 0},
then C2 has an action on Vec
(ω,c)
A defined by
u∗(f) = f, u∗(v) = v + f,
where the normalized maps µ and γ are defined by the tables:
µ(u;−,−) v f f + v
v 1/2 1/2 0
f 0 0 0
f + v 1/2 1/2 0
γ(u, u;−) v f f + v
1
4 0
1
4
(b) If A has a presentation given by A = {0, v, f, v + f : 2f = 0, 2v = f},
then C2 has an action on Vec
(ω,c)
A defined by
u∗(f) = f, u∗(v) = v + f,
where the normalized maps µ and γ are defined by the tables:
µ(u;−,−) v f f + v
v 0 1/2 0
f 0 0 0
f + v 0 1/2 0
γ(u, u;−) v f f + v
0 0 14
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Definition 2.7. Let ρ : G → Aut⊗(C) be a group homomorphism where
C is a fusion category and G is a finite group. A lifting of ρ is a monoidal
functor ρ˜ : G→ Aut⊗(C) such that the isomorphism class of ρ˜(g) is ρ(g) for
each g ∈ G.
If ρ : G → Aut⊗(C) is a group homomorphism, the finite group G acts
on K̂0(C). Let us fix a representative tensor autoequivalence Fg : C → C for
each g ∈ G and a tensor natural isomorphism θg,h : Fg ◦ Fh → Fgh for each
pair g, h ∈ G. Define O3(ρ)(g, h, l) ∈ K̂0(C) by the commutativity of the
diagram
(2)
Fg ◦ Fh ◦ Fl
Fg(θh,l)

(θg,h)Fl // Fgh ◦ Fl
θgh,l

Fghl
O3(ρ)(g,h,l)

Fg ◦ Fhl
θg,hl // Fghl.
Proposition 2.8 ([Gal11, Theorem 5.5]). Let C be a fusion category and
ρ : G → Aut⊗(C) a group homomorphism. The map O3(ρ) : G×3 → K̂0(C)
defined by the diagram (2) is a 3-cocycle and its cohomology class depends
on ρ. The map ρ lifts to an action ρ˜ : G → Aut⊗(C) if and only if
0 = [O3(ρ)] ∈ H3ρ(G, K̂0(C)). If [O3(ρ)] = 0 the set of equivalence classes of
liftings of ρ is a torsor over H2ρ(G, K̂0(C)).
Proposition 2.8 says us that there exists an action of H2ρ(G, K̂0(C)) on
the liftings of ρ; we denoted this action by ⊲. Moreover, if ρ˜ is a lifting of ρ,
any other lifting can be obtained in the form µ ⊲ ρ˜ for µ ∈ H2ρ(G, K̂0(C)).
2.4.1. Equivariantization. processes of equivariantization and de-equiva-
riantization are some of the main tools that we will use throughout this
manuscript. we present a description of these processes as well as the most
relevant results in this regard. Most of the results presented here appear in
[DGNO10].
Given an action ∗ : G→ Aut⊗(C) of a finite group G on a fusion category
C with monoidal structure given by φ. The G-equivariantization of C is the
fusion category denoted by CG and defined as follows. An object in CG is a
pair (V, τ), called G-object, where V is an object of C and τ is a family of
isomorphisms τg : g∗(V )→ V , g ∈ G, such that
τgh = τgg∗(τh)φ(g, h),
for all g, h ∈ G. A morphisms σ : (V, τ) → (W, τ ′) between G-objects is a
morphism σ : V → W in C such that τ ′g ◦ g∗(σ) = σ ◦ τg, for all g ∈ G. The
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tensor product is defined by
(V, τ) ⊗ (W, τ ′) := (V ⊗W, τ ′′)
where
τ ′′g = τg ⊗ τ ′gψ(g)−1V,W ,
and the unit object is (1, id1). The Frobenius-Perron dimension of CG is
|G|FPdim(C), see [DGNO10, Proposition 4.26].
Theorem 2.9 ([ENO11a, Proposition 2.10]). Let D be a fusion category
and let G be a finite group. If there exists a braided tensor functor
Rep(G)→ Z(D) such that its composition with the forgetful functor is fully
faithful, then there is a fusion category C and an action of G on C such that
D ∼= CG.
2.4.2. De-equivariantization. In this part, we describe the opposite
construction to equivariantization called de-equivariantization.
Definition 2.10 ([DGNO10]). A central functor from a braided fusion
category B to a fusion category C is a braided functor B → Z(C).
If E is a symmetric fusion category, C is called a fusion category over E if
it is endowed with a braided inclusion E → Z(C) such that its composition
with the forgetful fuctor is an inclusion in C. If B is braided, B is a braided
fusion category over E if it is endowed with a braided inclusion E → Z2(B),
see [DGNO10, ENO11a].
Let C be a fusion category and Rep(G) ⊂ Z(C) be a Tannakian
subcategory which embeds into C via the forgetful functor Z(C) → C.
The algebra O(G) of functions on G is a commutative algebra in Z(C).
The category of left O(G)-modules in C is a fusion category called de-
equivariantization of C by Rep(G), and it is denoted by CG, see [DGNO10]
for more details. It follows from [DGNO10, Lemma 3.11] that
FPdim(CG) = FPdim(C)|G| .
There is a canonical fully faithful monoidal functor
Rep(G) ∼= VecG → CG.
This functor canonically decomposes as Rep(G) → Z(CG) → CG. Thus CG
is a fusion category over Rep(G), see [DGNO10, Section 4.2.2].
Proposition 2.11 ([DGNO10, Theorem 4.18, Proposition 4.19, Proposition
4.22]). Equivariantization defines an equivalence between the 2-category of
(braided) fusion categories with an action of G and the 2-category of fusion
categories over Rep(G). The de-equivariantization functor is inverse to the
equivariantization functor.
In short, equivariantization and de-equivariantization are mutually inverse
functors.
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2.5. The picard group. Let C be a fusion category, a left C-module
category M is a C-linear semisimple category with an action of C denoted
by
(X,M) 7→ X ∗M for X ∈ C and M ∈ M.
The action has an associativity and unit constraint denoted by aX,Y,M :
(X⊗Y ) ∗M → X ∗ (Y ∗M) and lM : 1 ∗M →M for X,Y ∈ C and M ∈ M
that satisfy certain conditions. A right C-module category is defined in a
similar way, see [ENO10]
Given C and C′ fusion categories, a (C, C′)-bimodule category is a left
(C ⊠ C′op)-module category.
If M is a right C-module category and N is a left C-module category, the
tensor product of M and N over C can be understood as the category of
exact left C-module functors M⊠C N := FunC,re(Mop,N ), see [ENO10].
In [ENO10, Remark 3.6], it is ensured that the tensor product over D of
a (C,D)-bimodulo by a (D, C′)-bimodulo has a (C, C′)-bimodule structure.
Definition 2.12 ([ENO10]). A (C-C′)-bimodule category M is invertible if
there exist bimodule equivalences such that
Mop ⊠C M ∼= C′, and
M⊠C′ Mop ∼= C.
If B is a braided fusion category, any left B-module category can be
endowed with a structure of (B,B)-bimodule, so we can speak about
invertible left B-module.
Definition 2.13. For a braided fusion category B, the Picard 2-group is
denoted by Pic(B) and described as follows: Objects are invertible left
B-modules, 1-morphisms are module equivalences, and 2-morphisms are
isomorphisms between such equivalences. Pic(B) can be truncated to a
categorical group Pic(B) if we forget the 2-morphisms and consider 1-
morphisms up to isomorphism. Similarly, Pic(B) can be truncated to the
group Pic(B) called the Picard group of B.
If M is an invertible module category over B and B∗M = FunB(M,M),
we obtain an equivalence B ⊠ Brev ∼= Z(B∗M). The compositions
α+ : B = B ⊠ 1 ⊂ B ⊠ Brev ∼= Z(B∗M)→ B∗M,
α− : B = 1⊠ Brev ⊂ B ⊠ Brev ∼= Z(B∗M)→ B∗M,
are called alpha-induction functors, see [Ost03, ENO10]. In particular, for
every invertible module M, the alpha-inductions are equivalences. Thus
α+ = α− ◦ θM,
where θM : B → B is a braided autoequivalence. For a more specific
definition of the alpha-induction functors, see [DN+13]. We will give a brief
description.
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For each M∈ Pic(B) the functors α± are defined as follows:
α±M : B → B∗M : X → X ⊗−;
The tensor structure for α±M is defined by:
α
+
M
(X)(Y ⊗M) = X ⊗ Y ⊗M
cx,y // Y ⊗X ⊗M = Y ⊗ α+
M
(X)(M),(3)
α−
M
(X)(M ⊗ Y ) = X ⊗ Y ⊗M
c−1y,x // Y ⊗X ⊗M = α−
M
(X)(M)⊗ Y,(4)
for each X,Y ∈ B and M ∈ M.
Theorem 2.14. [ENO10, Theorem 5.2.] For a non-degenerate braided
fusion category B, the functor M → θM is an equivalence between Pic(B)
and Autbr⊗ (B).
3. Fermionic fusion categories
All definitions and results of this section was presented in [GVR17].
Definition 3.1 ([GVR17]). Let C be a fusion category. An object (f, σ−,f ) ∈
Z(C) is called a fermion if f ⊗ f ∼= 1 and σf,f = −idf⊗f .
(a) A fermionic fusion category is a fusion category with a fermion. A
fermionic fusion category C with fermion (f, σ−,f ) is denoted by the
pair (C, (f, σ−,f )).
(b) A braided fusion category B with braiding c and a fermion of the form
(f, c−,f ) is called a spin-braided fusion category. This spin-braided
fusion category will be denoted by (B, f) because the half-braiding is
determined in an obvious way by c−,f .
Example 3.2. The categories Vec
(ωk ,ck)
A presented in Example 2.4 are spin-
braided fusion categories with fermion f .
Example 3.3 (Ising categories as spin-braided fusion categories). By an
Ising fusion category, we mean a non-pointed fusion category of Frobenius-
Perron dimension 4.
Ising categories have 3 classes of simple objects 1, f, σ. The Ising fusion
rules are
σ2 = 1 + f, f2 = 1, fσ = σf = σ.
The associativity constraints are given by the F -matrices
F σσσσ =
ǫ√
2
(
1 1
1 −1
)
, F σfσf = F
f
σfσ = −1,
where ǫ ∈ {1,−1}.
The Ising fusion categories admit several braided structures, and in all
cases f is a fermion. An Ising braided fusion category is always non-
degenerate. In [DGNO10, Appendix B], it was proven that there are 8
equivalence classes of Ising braided fusion categories.
11
Definition 3.4 ([GVR17]). Let (C, (f, σ−,f )) and (C′, (f ′, σ′−,f ′)) be
fermionic fusion categories. A tensor functor (F, τ) : C → C′ is called a
fermionic functor if F (f) ∼= f ′ and the diagram
(5) F (V ⊗ f)
τV,f

F (σV,f ) // F (f ⊗ V )
τf,V

F (V )⊗ F (f)
idF (V )⊗φ

F (f)⊗ F (V )
φ⊗idF (V )

F (V )⊗ f ′
σ′
F (V ),f ′
// f ′ ⊗ F (V )
commutes for each V ∈ C, where φ is an isomorphism between F (f) and f ′.
Let (C, (f, σ−,f )) be a fermionic fusion category. We will denote by
Aut⊗(C, f) the full monoidal subcategory of Aut⊗(C) whose objects are
fermionic tensor autoequivalences. The group of isomorphism classes of
autoequivalences in Aut⊗(C, f) is denoted by Aut⊗(C, f).
Example 3.5. If (B, f) and (B′, f ′) are spin-braided fusion categories, and
F : B → B′ is a braided functor such that F (f) ∼= f ′; then, F is a fermionic
functor. In fact, by definition of a braided functor, F satisfies Diagram (5),
see [ENO05, Definition 8.1.7.].
For spin-braided fusion categories, we will denote by Autbr⊗ (B, f) the
full monoidal subcategory of Autbr⊗ (B) whose objects are braided tensor
autoequivalences described in Example 3.5. The group of isomorphism
classes of spin-braided autoequivalences in Autbr⊗ (B, f) is denoted by
Autbr⊗ (B, f).
Next, we will present the fermionic action concept, but before we will
recall some important facts.
If (G˜, z) is a super-group, the exact sequence
1 −→ 〈z〉 −→ G˜ −→ G˜/〈z〉 −→ 1,
defines and is defined by a unique element α ∈ H2(G˜/〈z〉,Z/2Z). From
now on we will identify a super-group (G˜, z) with the associated pair (G,α)
according to the convenience of the case. We set the following notation
G := G˜/〈z〉 and α ∈ H2(G,Z/2Z).
Lemma 3.6 ([GVR17]). Let G be a finite group. There is a canonical
correspondence between equivalence classes of monoidal functors ρ˜ : G −→
Autbr⊗ (SVec) and elements of H
2(G,Z/2Z).
Given a functor ρ˜ : G −→ Autbr⊗ (SVec), the corresponding element in
H2(G,Z/2Z) will be denoted by θρ˜.
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Definition 3.7 ([GVR17]). Let (C, (f, σ−,f )) be a fermionic fusion category
and (G,α) a super-group. A fermionic action of (G,α) on (C, (f, σ−,f )) is
a monoidal functor
ρ˜ : G −→ Aut⊗(C, f),
such that the restriction functor ρ˜ : G −→ Aut⊗(〈f〉) satisfies θρ˜ ∼= α in
H2(G,Z/2Z), see Lemma 3.6.
A fermionic action of a finite super-group (G,α) on a spin-braided fusion
category (B, f) is defined in a similar way. In this case, the monoidal functor
ρ˜ : G → Autbr⊗ (B, f) is defined over Autbr⊗ (B, f) and the data satisfies the
same condition.
Two of the most important results presented in [GVR17] are the following:
Theorem 3.8 ([GVR17]). Let (G˜, z) be a finite super-group. Then the
equivariantization and de-equivariantization processes define a biequivalence
of 2-categories between fermionic fusion categories with a fermion action of
(G˜, z) and fusion categories over Rep(G˜, z).
Corollary 3.9 ([GVR17]). Let (G˜, z) be a finite super-group. Then
equivariantization and de-equivariantization processes define a biequivalence
of 2-categories between spin-braided fusion categories with fermionic action
of (G˜, z) compatible with the braiding, and braided fusion categories D over
Rep(G˜, z) such that Rep(G) ⊆ Z2(D).
Given a finite super-group (G,α), a fermionic fusion category
(C, (f, σ−,f )), and a group homomorphism ρ : G→ Aut⊗(C, f). An α-lifting
of ρ is a fermionic action ρ˜ : G → Aut⊗(C, f) of (G˜, α) over (C, (f, σ−,f ))
such that the isomorphism class of ρ˜(g) is ρ(g) for each g ∈ G.
4. Obstruction to fermionic actions
If ρ : G → Aut⊗(C, f) is a group homomorphism, the question that we
answer in this part is when there exists a fermionic action that realizes ρ,
i.e., we want to know when there exists a α-lifting of ρ.
The fermionic obstruction was defined in [GVR17] to determine when a
group homomorphism ρ is an α-lifting.
The existence of an α-lifting implies the existence of a lifting for ρ in the
sense of Definition 2.7. Thus, we have that the obstruction O3 in Theorem
2.8 vanishes.
Let us recall the fermionic obstruction. We consider the G-module
homomorphism r : K̂0(C) → K̂0(〈f〉) ∼= Z/2Z defined by restriction. When
r is non-trivial, the exact sequence
1 // Ker(r) 
 i // K̂0(C) r // // Z/2Z // 1
induces a long exact sequence
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// H2(G,Ker(r))
i∗ // H2(G, K̂0(C)) r∗ // H2(G,Z/2Z) d2 //
// H3(G,Ker(r))
i∗ // H3(G, K̂0(C)) r∗ // H3(G,Z/2Z) d3 // . . .
This long exact sequence is used in the following definition.
Definition 4.1. Let ρ : G → Aut⊗(C, f) be a group homomorphism and
ρ˜ : G −→ Aut⊗(C, f) a lifting of ρ. For each α ∈ H2(G,Z/2Z), we define
O3(ρ, α) :=
{
θρ˜/α ∈ H2(G,Z/2Z) if r is trivial,
d2(θρ˜/α) ∈ H3(G,Ker(r)) if r is non-trivial,
where r : K̂0(C)→ K̂0(〈f〉) is the restriction map defined above.
In Theorem 4.2, we establish the independence of the obstruction on
the choice of the lifting ρ˜, the existence of an α-lifting in terms of
a cohomological value, and a correspondence of liftings with a certain
subgroup in H2(G, K̂0(C)).
Theorem 4.2 ([GVR17]). Let (G,α) be a finite super-group and ρ : G →
Aut⊗(C, f) a group homomorhism with ρ˜ : G → Aut⊗(C, f) a lifting of ρ.
Then
(a) the element O3(ρ, α) does not depend on the lifting.
(b) The homomorphism ρ has lifting to a fermionic action of (G,α) if and
only if O3(ρ, α) = 0.
(c) The set of equivalence classes of α-liftings of ρ is a torsor over
Ker
(
r∗ : H
2(G, K̂0(C))→ H2(G,Z/2Z)
)
.
5. Fermionic actions on non-degenerate spin-braided fusion
categories of dimension four
Up to equivalence, all braided fusion categories with dimension four was
presented in Example 2.4, as pointed braided fusion categories with fusion
rules given by an abelian group of order four, and in Example 3.3, as Ising
categories.
Next, we present some facts about fermionic actions over spin-braided
fusion categories of dimension four. For more details can be consulted
[GVR17].
Proposition 5.1. Only trivial super-groups act fermionically on a spin-
braided Ising category.
Theorem 5.2. Let (G,α) be a finite super-group and Vec
(ωk ,ck)
A a pointed
spin-modular category of dimension four. Then
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(a) Autbr⊗ (Vec
(ωk,ck)
A , f)
∼= Z/2Z.
(b) A group homomorphism G → Z/2Z ∼= Autbr⊗ (Vec(ωk ,ck)A , f) is always
realized by a bosonic action.
(c) A group homomorphism G→ Z/2Z ∼= Autbr⊗ (Vec(ωk,ck)A , f) is realized by
a fermionic action of a super-groups (G,α) associated to ρ if and only
if d2(α) = 0.
(d) If d2(α) = 0 then the equivalence classes of fermionic actions of (G,α)
associated to ρ is a torsor over
Ker
(
r∗ : H
2(G,A)→ H2(G,Z/2Z)
)
.
Here d2 : H
2(G,Z/2Z) → H3(G,Z/2Z) is the connecting homomorphism
associated to the G-module exact sequence 0→ Z/2Z→ A r→ Z/2Z→ 0.
6. Braided (G˜, z)-crossed extensions
In this section, we finish establishing some properties of fermionic
actions on fermionic fusion categories that arise under the processes
of equivariantization and de-equivariantization. These properties refer
exclusively to the classification of a particular type of extensions of fermionic
fusion categories, which we call braided (G˜, z)-crossed extensions.
6.1. Braided G-crossed fusion categories.
Definition 6.1. Let G be a finite group. A G-grading for a fusion category
C is a decomposition
C =
⊕
g∈G
Cg
into a direct sum of full abelian subcategories such that the tensor product
defines a functor from Cg × Ch into Ch for all g, h ∈ G. We assume that the
grading is faithful, i.e., Cg 6= 0 for all g ∈ G.
Definition 6.2. A G-extension of a fusion category D is a G-graded fusion
category C such that Ce is equivalent to D.
Definition 6.3 ([Tur00]). A fusion category C is called a braided G-crossed
fusion category if it is equipped with the following data:
(a) a grading C =⊕g∈G Cg,
(b) an action G→ Aut⊗(C) of G on C such that g∗(Ch) ⊂ Cghg−1 , and
(c) a G-braiding, that is, natural isomorphisms
cX,Y : X ⊗ Y → g∗(Y )⊗X, X ∈ Cg, g ∈ G, and Y ∈ C.
If φg,h : (gh)∗ → g∗h∗ is the monoidal structure of the functor g → g∗,
and µg is the tensor structure of g∗, we need to hold some compatibility
conditions.
Note that the trivial component Ce is itself a braided fusion category with
an action of G by braided autoequivalences of Ce.
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Theorem 6.4 ([DGNO10]). The equivariantization and de-equivarian-
tization constructions define a bijection betweeen equivalence classes of
braided G-crossed fusion categories and equivalence classes of braided fusion
categories containing Rep(G) as a symmetric fusion subcategory.
Theorem 6.4 tells us that the de-equivariantizacion by G of a braided
fusion category containing Rep(G) is a braided G-crossed fusion category.
The following theorem shows how we can find the trivial component
of de-equivariantization and the commutativity relation between taking
centralizers and taking de-equivariantization. These results can be found
in [Tur10, Theorem 3.8] and [DGNO10, Proposition 4.30].
Proposition 6.5. Let B be a braided fusion category containing Rep(G) as
a full subcategory, and D be the de-equivariantization of B by G.
(a) The trivial component of the braided G-crossed fusion category D is
CB(Rep(G))G. In particular, if Z2(CB(Rep(G))) = Rep(G) the braided
fusion category De is modular.
(b) Equivariantization and de-equivariantization define an isomorphism
between the lattice of fusion subcategories of B containing Rep(G) and
the lattice of G-stable fusion subcategories of D, i.e., if D˜ is a G-
stable subcategory of D then D˜G = B˜ contains Rep(G), and if B˜ is
a subcategory of B containing Rep(G) then B˜G = D˜ is a G-stable
subcategory of D.
(c) Suppose B is a braided fusion category over Rep(G). The isomorphism
of (b) commutes with taking centralizer, i.e., CB(D˜G) = (CD(D˜))G and
CD(B˜G) = (CB(B˜))G.
Theorem 6.6 ([ENO10, Theorem 1.3.]). Graded extensions of a fusion
category C by a finite group G are parametrized by triples (c,M,α), where
c : G → BrPic(C) is a group homomorphism, M belongs to a certain
torsor T 2c over H
2(G, Inv(Z(C))) (where G acts on Inv(Z(C)) via c), and α
belongs to a certain torsor T 3c,M over H
3(G,C×). Here the data c, M must
satisfy the conditions that certain obstruction O3(c) ∈ H3(G, Inv(Z(C))) and
O4(c,M) ∈ H4(G,C×) vanish.
Theorem 6.6 establishes the basis for the classification of all extensions
of fusion categories, but we are interested in particular braided G-crossed
extensions that we presente below . For those extensions Theorem 6.7 is
more relevant.
Theorem 6.7 ([ENO10, Theorem 7.12]). Let B be a braided fusion category.
Equivalence classes of braided G-crossed extensions of B (with faithful G-
grading) are in bijection with morphisms of categorical 2-groups G→ Pic(B).
6.2. H4-Obstruction. The obstruction that we will study next, called H4-
obstruction, measures when a bosonic action on a non-degenerate fusion
category ρ˜ : G → Autbr⊗ (B) can be lifted to a 2-group homomorphism
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˜˜ρ : G → Pic(B). According to Theorem 2.14, we are identifying Autbr⊗ (B)
with Pic(B).
We want to construct a 2-homomorphism from G to Pic(B) for
a non-degenerate braided fusion category. We can characterize this
2-homomorphisms in cohomology terms. Firtly, Computing the O3-
obstruction to know if a group homomorphism G → Autbr⊗ (B) admits a
lifting ρ˜, and secondly, computing the H4-obstruction to determine if it
has a lifting to a 2-homomrphism. Since 2-homomorphisms classify braided
G-crossed extensions of B, the process gives us an algorithm to find these
braided G-crossed extensions. That is one of our goals, specially extensions
with specific properties that we will discuss later.
Suppose a non-degenerate braided fusion category B, a bosonic action
ρ˜ is determined by data ρ˜ := (g∗, ψ
g, ϕg,h) : G → Autbr⊗ (B), and the set
of equivalence classes of bosonic actions is a torsor over H2ρ(G, Inv(B)).
If we suppose that ρ˜ admits a lifiting ˜˜ρ : G → Pic(B), a 2-cocycle
µ ∈ Z2ρ(G, Inv(B)) has a bosonic action denoted by µ ⊲ ρ˜.
The H4-obstruction of the pair (ρ˜, µ) is defined as a 4-cocycle O4(ρ˜, µ) ∈
H4(G,C×) described by the formula
O4(ρ˜, µ) = cµg1,g2 ,(g1g2)∗(µg3,g4 )(6)
a(g1g2)∗(µg3,g4 ),µg1,g2 ,µg1g2,g3g4
a−1(g1g2)∗(µg3,g4 ),(g1)∗(µg2,g3g4 ),µg1,g2g3g4
a(g1)∗(µg2,g3 ),(g1)∗(µg2g3,g4 ),µg1g2g3,g4
a−1(g1)∗(µg2,g3 ),µg1,g2g3 ,µg1g2g3,g4
aµg1,g2 ,µg1g2,g3 ,µg1g2g3,g4
a−1
µg1,g2 ,(g1g2)∗(µg3,g4 ),µg1g2,g3g4
ϕg1,g2(µg3,g4)
(ψg1)−1((g2)∗(µg3,g4), µg2,g3g4)
ψg1(µg2,g3 , µg2g3,g4),
where a is the associative constraint of the category B.
Proposition 6.8 ([CGPW16, Proposition 9]). If B is a non-degenerate
braided fusion category, the homomorphism of categorical groups (µ ⊲ ρ˜) :
G −→ Pic(B) can be lifted if and only if O4(ρ˜, µ) defined by (6) is trivial.
More details about theH4-obstruction used in this paper can be consulted
in [ENO10] and [CGPW16].
6.3. Braided (G˜, z)-crossed extensions. Of all braided G-crossed
extensions of a braided fusion category B, we are interested in studying
those extensions with a fermionic action of (G˜, z) over the trivial component.
17
The idea of this part is to classify this “fermionic” extensions in terms of
2-homomorphisms as happens in Theorem 6.7.
Definition 6.9. A braided (G˜, z)-crossed fusion category (D, f) is a braided
G-crossed fusion category D where (De, f) is a spin-braided fusion category
in the sense of Definition 3.1, and the action that corresponds to the
structure of braided G-crossed category is a fermionic action of (G˜, z) on
(De, f).
In this case, a functor between braided (G˜, z)-crossed fusion categories
is a functor between braided G-crossed fusion categories which is also a
fermionic functor.
The next corollary is the fermionic version of Theorem 6.4. This one gives
a bijection between braided fusion categories over Rep(G˜, z) and braided
(G˜, z)-crossed fusion categories.
Corollary 6.10. Let (G˜, z) be a finite super-group. Equivariantization and
de-equivariantization define a bijection between braided (G˜, z)-crossed fusion
categories (D, f), up to equivalence, and braided fusion categories C over
Rep(G˜, z), up to equivalence.
Proof. There is a bijection between braided G-crossed fusion categories D
and braided fusion categories over Rep(G) by Theorem 6.7.
If C is a braided fusion category over Rep(G˜, z), it is a braided fusion
category over Rep(G), so D := CG is a braided G-crossed fusion category,
and D is a fermionic fusion category by Theorem 3.8.
Finally, as Rep(G˜, z) ⊆ Z2(Rep(G)) then SVec ⊆ De, and the fermion in
D belongs to its trivial component.
Conversely, if (D, f) is a braided (G˜, z)-crossed fusion category, the
equivariantization C = DG is a braided fusion category such that
Rep(G˜, z) = SVecG ⊆ C. 
Definition 6.11. A braided (G˜, z)-crossed extension of a spin-braided fusion
category (B, f) is a braided (G˜, z)-crossed fusion category (D, f) whose
trivial component (De, f) is equivalent to (B, f).
Definition 6.12. If (B, f) is a spin-braided fusion category, we consider
Pic(B, f) ⊆ Pic(B) as the full subcategory with objects M ∈ Pic(B) such
that θM(f) = f .
The condition θM(f) = f for an invertible module category M is
equivalent to say that the module functors −⊗ f and f ⊗− are isomorphic
autoequivalences ofM. In fact, this is a consequence of the definition of the
functors α± in (3), (4) and θ. More details can be found in [DN+13].
Proposition 6.13. Consider a non-degenerate spin-braided fusion category
(B, f). There is an equivalence between Autbr⊗ (B, f) and Pic(B, f).
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Proof. This proposition is a direct consequence of Definition 6.12. In fact,
θ : Pic(B)→ Autbr⊗ (B) is an equivalence of categories. In particular, for each
M∈ Pic(B, f), we have θM(f) = f by definition, so θM ∈ Autbr⊗ (B, f). 
Theorem 6.14 classifies braided (G˜, z)-crossed extensions of spin-braided
fusion categories in terms of homomorphisms of 2-groups from G to
Pic(B, f). This theorem is the key result that we use to find minimal modular
extensions for super-Tannakian categories, as we will see later.
Theorem 6.14. Let (B, f) be a spin-braided fusion category. Equivalence
classes of braided (G˜, z)-crossed categories C having a faithful G-grading
with trivial component B are in bijection with homomorphism of categorical
2-groups ˜˜ρ : G → Pic(B, f), such that ρ˜ is a fermionic action of (G˜, z) on
(B, f).
Proof. According to Theorem 6.7, a 2-group homomorphism ˜˜ρ : G →
Pic(B, f) corresponds to a braided G-crossed extension D of B. The action
of G on De = B is given by ρ˜, so D is a braided (G˜, z)-crossed extension of
B.
Conversely, if D is a braided (G˜, z)-crossed extension of B, it corresponds
to a 2-group homomorphism ˜˜ρ : G → Pic(B), whose action induced is
fermionic since the action on B is fermionic too. Now, the G-action for
g ∈ G on B is given by the equivalence of FunB(Dg,Dg) with the left
and right multiplication by elements of B, see [ENO10]. In particular, if
Dg ∈ Pic(B, f) then g∗ is a fermionic functor, i.e., g∗ ∈ Autbr⊗ (B, f). 
7. Minimal modular extensions
Muger defines minimal modular extensions of a braided fusion category
B in [M0¨0]. For a Tannakian category, a complete description of its minimal
modular extensions was presented in [LKW16a]. Nevertheless, for the super-
Tannakian case, such description is yet an open problem. We use Corollary
6.10 and Theorem 6.14 to give an approach to the solution.
7.1. Minimal modular extensions.
Definition 7.1. Let B be a braided fusion category. A minimal modular
extension of B is a pair (M, i), where M is a modular fusion category such
that i : B →M is a braided full embedding and
FPdim(M) = FPdim(B) FPdim(Z2(B)).
Two minimal modular extensions (M, i) and (M′, i′) are equivalent if
there exists a braided equivalence F :M−→M′ such that F ◦ i ∼= i′.
Example 7.2 (Modular extensions of SVec). For the symmetric super-
Tannakian category SVec, there are 16 modular extensions (up to
equivalence). They can be classified in two classes, the first one is given by 8
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Ising braided modular categories parametrized by ζ, such that ζ8 = −1. A
brief description of them was given in Example 3.3. The second one is given
by 8 pointed modular categories Vec
(ωk,ck)
A where A is an abelian group of
order four, and (ωk, ck) is an abelian 3-cocycle. A description of this type
of categories was presented in Example 2.6. More information about this
example can be found in [Kit06, DGNO10].
In [LKW16a] the set of equivalence classes of minimal modular extensions
of a unitary braided fusion category B is denoted byMext(B). In particular,
if B is a symmetric fusion category, Mext(B) is an abelian group with unit
object Z(B).
Let E be a symmetric fusion category; the set of minimal modular
extensions of E is non-empty since Z(E) is always a minimal modular
extension. In this case, any minimal modular extension M of E can be
thought as a module category over E with action induced by tensor product
of M. Then, the binary operation on Mext(E) is defined using the tensor
product of module categories over E . This operation is well defined according
to [LKW16a, Lemma 4.11]. Moreover, the associativity of this operation is
proved in [LKW16a, Proposition 4.12] in a more general case.
The existence of the neutral element was proved in [LKW16a, Lemma
4.18]. There is shown that for any symmetric category E , the Drinfel center
Z(E) is the neutral object in Mext(E).
Example 7.3 (Modular extensions of Tannakian fusion categories). For a
symmetric Tannakian category Rep(G), the group of modular extensions
(up to equivalence) is isomorphic to the abelian group H3(G,C×). For each
ω ∈ H3(G,C×), Z(VecωG) is a modular extension of Rep(G), see [LKW16a].
7.2. Obstruction theory to existence of minimal modular
extensions. Following [M0¨0, Bru00b], we say that a braided fusion category
is modularizable if Z2(B) is Tannakian. Note that if Rep(G) = Z2(B) then
BG is a modular fusion category; therefore, the term modularizable makes
sense from this point of view.
Definition 7.4 ([GVR17]). Let B be a modularizable braided fusion
category with Z2(B) = Rep(G). The de-equivariantization BG has
associated a monoidal functor
G
ρ˜
// Autbr⊗ (BG) Φ // Pic(BG) ,
where ρ˜ is the canonical action of G on the modular fusion category BG. We
define the H4-anomaly of B as the H4-obstruction of ρ˜ in H4(G,C×).
According to Proposition 6.8, trivial anomaly is equivalent to saying that
BG has a G-extension with induced action on it given by ρ˜. In fact, if the
O4-obstruction is trivial, there exists a lifing of ρ˜ to a 2-homomorphism˜˜ρ : G → Pic(BG). Thus, according to Theorem 6.7, there exists a braided
G-crossed extension of BG.
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Definition 7.5 ([ENO11a]). A braided fusion category B is called slightly
degenerate if Z2(B) is braided equivalent to SVec.
In [GVR17], we have mentioned some relations between slightly
degenerate fusion categories and categories over Rep(G˜, z) under fermionic
actions . Specifically, if the Muger center of B is a super-Tannakian category
Rep(G˜, z), the category BG is a slightly degenerate fusion category where
G = G˜/〈z〉.
Theorem 7.6 tells us that the study of minimal modular extensions for a
non-modularizable fusion category can be reduced to the study of certain
associate slightly degenerate fusion category.
If B is non-modularizable, that is Z2(B) ∼= Rep(G˜, z), the maximal central
tannakian subcategory of B is braided equivalent to Rep(G) with G ∼= G˜/〈z〉.
Theorem 7.6 ([GVR17]). Let B be a braided fusion category with non-
trivial maximal central Tannakian subcategory Rep(G) ⊆ Z2(B).
(a) If B is modularizable, B admits a minimal modular extension if and
only if the H4-anomaly of B vanishes.
(b) If B is non-modularizable with Z2(B) = Rep(G˜, z), B admits a minimal
modular extension if and only if the following conditions hold:
(i) the slightly degenerate braided fusion category BG has a minimal
modular extension S,
(ii) there exists a fermionic action of (G˜, z) on S such that BG is
G-stable, and the restriction to BG coincides with the canonical
action of G on BG,
(iii) the anomaly of SG vanishes.
Remark 7.7. (a) Another way of expressing part (b) of Theorem 7.6 is the
following: a non-modularizable braided fusion category B has a minimal
modular extension if and only if the slightly degenerate fusion category
BG has a minimal modular extension S which in turn has a braided
(G˜, z)-crossed extension.
(b) Theorem 7.6 was used in [GVR17] to show examples of braided fusion
categories without minimal modular extensions.
The de-equivariantization defines a well-defined map
D : Mext(B) →Mext(BG)
M → (MG)e.
For any minimal modular categoryM of B the mapD sendsM to the trivial
component of the de-equivariantization MG, see [LKW16a] and [GVR17].
In particular, for a super-Tannakian category Rep(G˜, z) with maximal
central Tannakian subcategory Rep(G),
D :Mext(Rep(G˜, z))→Mext(SVec)(7)
is a group homomorphism.
Corollary 7.8 ([GVR17]). Let Rep(G˜, z) be a finite super-group. The map
D :Mext(Rep(G˜, z))→Mext(SVec)
is surjective if and only if (G˜, z) is a trivial super-group.
Theorem 7.9 ([GVR17]). Let (B, f) be a spin-braided fusion category
of dimension four, and G be a finite group with a group homomorphism
ξ : G −→ Autbr⊗ (B, f). Then ξ can be extended to a bosonic action and to a
2-homomorphism
˜˜
ξ : G −→ Pic(B).
7.3. The groupMext(Rep(G˜, z)). We use the homomorphismD, Corollary
6.10, and Theorem 6.14 to describe in cohomology terms the minimal
modular extensions of a super-Tannakian category Rep(G˜, z).
In this subsection, we denote by B a pointed braided fusion category
of dimension four presented in Example 2.6, by I an Ising category (see
Example 3.3), and by
D :Mext(Rep(G˜, z))→Mext(SVec)
the group homomorphism defined in (7). We fix the following notation,
(G˜, z) is a finite super-group, G is the quotient group G˜/〈z〉, and the pair
(G,α) is identified with the super-group (G˜, z) where α ∈ Z2(G,Z/2Z) is the
unique 2-cocycle (up to cohomology) associated to the super-group (G˜, z).
By definition of D, for a minimal modular extension M of Rep(G˜, z),
D(M) is a minimal modular extension of SVec. In fact, we have
that Rep(G˜, z)G ∼= SVec, and D(M) = (MG)e is modular with
FPdim((MG)e) = 4.
On the other hand, note that every minimal modular extension C of SVec
has a natural structure of spin-braided fusion category where the natural
fermion corresponds to the inclusion of SVec in C.
Proposition 7.10. Let C be a minimal modular extension of SVec. The
spin-braided fusion category C is in the image of D if and only if C has a
braided (G˜, z)-crossed extension.
Proof. Consider a minimal modular extension C of SVec in the image of D,
then there isM∈Mext(Rep(G˜, z)) such that D(M) = C. By Theorem 7.6,
MG is a braided (G˜, z)-crossed extension of C.
If C ∈Mext(SVec) has a braided (G˜, z)-crossed extension L, the modular
fusion category LG is a category on Rep(G˜, z) according to Corollary
6.10. Moreover, by Theorem 7.6, LG is a minimal modular extension of
Rep(G˜, z). 
Corollary 7.11. Let C be a minimal modular extension of SVec. The pre-
image of C with respect to D is in correspondence with 2-homomorphisms˜˜ρ : G→ Pic(C, f) such that the truncation ρ˜ is a fermionic action of (G˜, z).
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Proof. Using Proposition 7.10, for each C ∈ Im(D), there is an M in
Mext(Rep(G˜, z)) such that MG is a braided (G˜, z)-crossed extension of C.
By Theorem 6.14, braided (G˜, z)-crossed extensions of C correspond to 2-
group homomorphisms ˜˜ρ : G → Pic(C, f) such that ρ˜ is a fermionic action
of the super-group (G˜, z). 
We know that braided G-crossed extensions of a non-degenerate fusion
category C are in correspondence with 2-homomorphisms ˜˜ρ : G → Pic(C).
If ρ˜ : G → Autbr⊗ (C) is the truncation of ˜˜ρ then liftings of ρ˜ are a torsor
on H3(G,C×). In a similar way, if ρ is the truncation of ρ˜, liftings
of ρ are a torsor on H2ρ(G, K̂0(C)). Therefore, any 2-homomorphism
associated by truncation to ρ can be parametrized by an element in
H2ρ(G, K̂0(C))×H3(G,C×). Conversely, if we start with a group homorphism
ρ and consider the obstruction theory in order to obtain a 2-homomorphism,
we can conclude that any lifting to a 2-homomorphism can be parametrized
by pairs (µ,ϕ) ∈ H2ρ (G, K̂0(C)) × H3(G,C×) such that the obstructions
O3(ρ) and O4(ρ, µ) vanish. Thus, every 2-homomorphism ˜˜ρ : G → Pic(C)
can be parametrized by triples (ρ, µ, ϕ), where ρ : G → Autbr⊗ (C, f) is a
group homomorphism, µ belongs to a certain torsor over H2ρ(G, K̂0(C)), and
ϕ belongs to a certain torsor over H3(G,C×) such that O3(ρ) and O4(ρ, µ)
vanish.
In Theorem 7.12 below, we characterize the image of the group
homomorphismD in terms of group homomorphisms and group cohomology.
Theorem 7.12. Consider a minimal modular extension C of SVec. The
pre-image of C under D is parametrized by triples (ρ, µ, ϕ), where ρ : G →
Autbr⊗ (C, f) is a group homomorphism, µ belongs to a certain torsor over
Ker(r∗ : H
2
ρ (G, K̂0(C) → H2ρ(G, ̂K0(SVec)), and ϕ belongs to a certain
torsor over H3(G,C×). The data µ and ϕ must satisfy the conditions that
obstruction O3(ρ, α) and O4(ρ, µ) vanish.
Proof. Let C be a minimal modular extension of SVec. By Corollary 7.11,
the pre-image of C is in correspondence with 2-homomorphisms ˜˜ρ : G →
Pic(C, f) such that ρ˜ is a fermionic action. These 2-homomorphisms are in
correspondence with data (ρ, µ, ϕ) where ρ : G → Autbr⊗ (C, f), µ belongs
to certain torsor over Ker(r∗ : H
2(G, K̂0(C) → H2(G,Z/2Z))) meaning
the fermionic condition, and ϕ belong to certain torsor over H3(G,C×).
Moreover, the data satisfies that the obstructions O3(ρ, α) and O4(ρ, µ)
vanish.
Conversely, We know that data (ρ, µ, ϕ) with obstructions O3(ρ) and
O4(ρ, µ) vanish parametrize 2-homomorphisms ˜˜ρ : G → Pic(C). The
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conditions O3(ρ, α) = 0 and µ ∈ Ker(r∗ : H2(G, K̂0(C))→ H2(G,Z/2Z))) is
equivalente to say that the 2-homomrphisms ˜˜ρ have values in Pic(C, f) with
truncation to a ferminic action. 
Remark 7.13. The Proposition 7.12 tells us that the image of D correspond
to spin-braided categories (C, f) in Mext(SVec) with at least one fermionic
action that can be extended to 2-homomorphisms ˜˜ρ : G→ Pic(C, f).
Corollary 7.14. The kernel of D is parametrized by triples (ρ, µ, ϕ) where
ρ : G → Autbr⊗ (Vec(ω0,c0)Z/2Z×Z/2Z, f) is a group homomorphism, µ belongs to
a certain torsor over Ker(r∗ : H
2
ρ(G, K̂0(C)) → H2ρ (G, ̂K0(SVec)), and ϕ
belongs to a certain torsor over H3(G,C×) such that O4(ρ, µ) vanishes.
Proof. The result follows from Theorem 7.12, given that the trivial element
of Mext(SVec) is Z(SVec) ∼= Vec(ω0,c0)Z/2Z×Z/2Z as we explain in Section 7.1. 
Next, we use Proposition 7.12 and Corollary 7.14 to determine the order
of Mext(Rep(Z/mZ× Z/2Z, (0, 1))) for m an odd number.
Theorem 7.15 (Minimal modular extensions of (Z/mZ, α ≡ 0), m odd).
Consider the trivial super-group Z/mZ× Z/2Z where m is an odd number.
The group Mext(Rep(Z/mZ× Z/2Z, ([0], [1]))) has order 16m.
Proof. We have that
(a) By Corollary 7.8 the group homomorphism D is surjective.
(b) Given that m is an odd number, the unique group homomorphism
Z/mZ→ Z/2Z × Z/2Z is the trivial homomorphism.
(c) H2(Z/mZ,Z/2Z × Z/2Z) ∼= 0,
(d) H3(Z/mZ,C×) = Z/mZ.
Using items ((b)), ((c)), and ((d)), the Corollary 7.14 implies that
kernel of D is correspondence with triples (ρ, µ, ϕ) where ρ : Z/mZ →
Autbr⊗ (Vec
ω0,c0
Z/2Z×Z/2Z
, f) is the trivial homomorphism, µ ∈ H2ρ(G,Z/2Z ×
Z/2Z) = 0, and ϕ belongs to a certain torsor over H3(Z/mZ,C×). As
there are m of that triples, the order of Mext(Rep(Z/mZ× Z/2Z, ([0], [1]))
is 16m. 
Example 7.16 (Minimal modular extensions of Z/6Z). The group
Mext(Rep(Z/6Z, [3])) has order 48. We consider Z/6Z ∼= Z/3Z × Z/2Z
and apply Theorem 7.15. Then the group of minimal modular extensions of
Rep(Z/6Z, [3]) has order 48.
This result agrees with [LKW16b, Table XX].
Example 7.17 (Minimal modular extensions of Z/4Z). we can deduce that
there are exactly 32 minimal modular extensions of Rep(Z/4Z, [2]). This
information agrees with the result presented by Ostrik. In this case, we
prove that ker(D) has order 4 and that the image of D consist of the pointed
modular extensions of SVec.
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(a) The H4-obstruction that we need to consider is H4(Z/2Z,C×) = 0, so
each action Z/2Z→ Autbr⊗ (C, f) has a lifiting to a 2-homomorphism.
(b) Z/4Z is not a trivial super-group, so no Ising category can be in the
image of D.
(c) The kernel of D is parametrized by triples (ρ, µ, ϕ) where ρ :
Z/2Z → Autbr⊗ (Vec(ω0,c0)Z/2Z×Z/2Z, f) is the trivial homomorphism, µ ∈
H2(Z/2Z,Z/2Z × Z/2Z) such that r∗(µ) is non-trivial, and ϕ ∈
H3(Z/2Z,C×) ∼= Z/2Z. Then, there are 4 such triples, which implies
that Ker(D) has order 4. A similar analysis shows that every pointed
fusion category with fusion rules given by Z/2Z×Z/2Z is in the image
of D.
(d) Moreover, every pointed fusion category with fusion rules given by Z/4Z
is in the image of D. In fact, the triple (ρ, µ, ϕ) satisfies the conditions
in Proposition 7.12; where ρ : Z/2Z→ Autbr⊗ (Vec(ωk ,ck)Z/4Z , f) is the trivial
homomorphism, µ is the unique non-trivial object in H2(Z/2Z,Z/4Z),
and ϕ ∈ H3(Z/2Z,C×).
Proposition 7.18. Let D : Mext(Rep(G˜, z)) → Mext(SVec) be the group
homomorphism defined above. We have that D is non-trivial and the image
of D has at least 4 elements. Specifically, the pointed fusion categories with
fusion rules given by Z/2Z× Z/2Z is always in the image of D.
Proof. In general, consider B one of the pointed braided fusion categories in
Example 2.6. Remember that B is non-degenerate and the restriction map
r : K̂0(B) ∼= Inv(B)→ ̂K0(SVec) can be consider as r(X)(f) = cf,X◦cX,f , for
each X ∈ Inv(B). According to the braided structure of each B the group
homomorphism r is the same for each B with fusion rules Z/2Z × Z/2Z.
This implies that the group homomorphisms and the group cohomology in
Theorem 7.12 are the same. 
Proposition 7.19. Let B be a slightly degenerate pointed braided fusion
category, then B has a minimal modular extension.
Proof. By [ENO11b, Proposition 2.6] B ∼= SVec ⊠ B0, where B0 is a non-
degenerate pointed fusion category. Take M a minimal modular extension
of SVec and consider de modular category M⊠ B0. 
References
[Bru00a] Alain Bruguie`res. Cate´gories pre´modulaires, modularisations et invariants des
varie´te´s de dimension 3. Mathematische Annalen, 316(2):215–236, Feb 2000.
[Bru00b] Alain Bruguie`res. Cate´gories pre´modulaires, modularisations et invariants des
varie´te´s de dimension 3. Math. Ann., 316(2):215–236, 2000.
[CGPW16] Shawn X. Cui, Ce´sar Galindo, Julia Yael Plavnik, and Zhenghan Wang. On
Gauging Symmetry of Modular Categories. Comm. Math. Phys., 348(3):1043–
1064, 2016.
[Del02] Pierre Deligne. Cate´gories tensorielles. Mosc. Math. J, 2(2):227–248, 2002.
25
[DGNO10] Vladimir Drinfeld, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik. On
braided fusion categories. I. Selecta Math. (N.S.), 16(1):1–119, 2010.
[DN+13] Alexei Davydov, Dmitri Nikshych, et al. The picard crossed module of a
braided tensor category. Algebra Number Theory, 7(6):1365–1403, 2013.
[EGNO15] Pavel Etingof, Shlomo Gelaki, Dmitri Nikshych, and Victor Ostrik. Tensor
categories, volume 205 of Mathematical Surveys and Monographs. American
Mathematical Society, Providence, RI, 2015.
[EML53] Samuel Eilenberg and Saunders Mac Lane. On the groups of H(Π, n). I. Ann.
of Math. (2), 58:55–106, 1953.
[EML54] Samuel Eilenberg and Saunders Mac Lane. On the groups H(Π, n). II.
Methods of computation. Ann. of Math. (2), 60:49–139, 1954.
[ENO05] Pavel Etingof, Dmitri Nikshych, and Viktor Ostrik. On fusion categories. Ann.
of Math. (2), 162(2):581–642, 2005.
[ENO10] Pavel Etingof, Dmitri Nikshych, and Victor Ostrik. Fusion categories and
homotopy theory. Quantum Topol., 1(3):209–273, 2010. With an appendix by
Ehud Meir.
[ENO11a] Pavel Etingof, Dmitri Nikshych, and Victor Ostrik. Weakly group-theoretical
and solvable fusion categories. Adv. Math., 226(1):176–205, 2011.
[ENO11b] Pavel Etingof, Dmitri Nikshych, and Victor Ostrik. Weakly group-theoretical
and solvable fusion categories. Advances in Mathematics, 226(1):176–205,
2011.
[Gal11] Ce´sar Galindo. Clifford theory for tensor categories. J. Lond. Math. Soc. (2),
83(1):57–78, 2011.
[GVR17] Ce´sar Galindo and Ce´sar F Venegas-Ramı´rez. Categorical fermionic actions
and minimal modular extensions. arXiv preprint arXiv:1712.07097, 2017.
[JS93] Andre Joyal and Ross Street. Braided tensor categories. Adv. Math.,
102(1):20–78, 1993.
[Kit06] Alexei Kitaev. Anyons in an exactly solved model and beyond. Ann. Physics,
321(1):2–111, 2006.
[LKW16a] T. Lan, L. Kong, and X.-G. Wen. Modular Extensions of Unitary Braided
Fusion Categories and 2+1D Topological/SPT Orders with Symmetries.
Communications in Mathematical Physics, September 2016.
[LKW16b] Tian Lan, Liang Kong, and Xiao-Gang Wen. Classification of 2+ 1d
topological orders and spt orders for bosonic and fermionic systems with on-
site symmetries. arXiv preprint arXiv:1602.05946, 2016.
[M0¨0] Michael Mu¨ger. Galois theory for braided tensor categories and the modular
closure. Adv. Math., 150(2):151–201, 2000.
[Mu¨g03] Michael Mu¨ger. On the structure of modular categories. Proc. London Math.
Soc. (3), 87(2):291–308, 2003.
[Ost03] Victor Ostrik. Module categories, weak Hopf algebras and modular invariants.
Transform. Groups, 8(2):177–206, 2003.
[RSW09] Eric Rowell, Richard Stong, and Zhenghan Wang. On classification of modular
tensor categories. Comm. Math. Phys., 292(2):343–389, 2009.
[Tam01] Daisuke Tambara. Invariants and semi-direct products for finite group actions
on tensor categories. J. Math. Soc. Japan, 53(2):429–456, 2001.
[Tur00] VG Turaev. Homotopy field theory in dimension 3 and crossed group-
categories, preprint (2000). arXiv preprint math/0005291, 2000.
[Tur10] Vladimir G Turaev. Homotopy quantum field theory, volume 10. European
Mathematical Society, 2010.
E-mail address: cf.venegas10@uniandes.edu.co
Departamento de Matema´ticas, Universidad de los Andes, Bogota´,
Colombia.
26
